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We analyze the linear optical realization of number-sum Bell measurement and number-state 
manipulation by taking into account the realistic experimental situation, specifically imperfectness of 
single-photon detector. The present scheme for number-state manipulation is based on the number- 
sum Bell measurement, which is implemented with linear optical elements, i.e., beam splitters, 
phase shifters and zero-one-photon detectors. Squeezed vacuum states and coherent states are used 
as optical sources. The linear optical Bell state detector is formulated quantum theoretically with a 
probability operator measure. Then, the fidelity of manipulation and preparation of number-states, 
particularly for qubits and qutrits, is evaluated in terms of the quantum efficiency and dark count 
of single-photon detector, ft is found that a high fidelity is achievable with small enough squeezing 
parameters and coherent state amplitudes. 
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I. INTRODUCTION 

Extensive research and development have been done 
recently on quantum information and communication 
technologies. Among various media for quantum in- 
formation and communication, the photon-number Fock 
space is promising in the point that it provides higher 
dimensional states such as qutrits to carry more infor- 
mation than qubits. This stimulates great interest in 
preparation and manipulation of various photon-number 
states. Specifically, teleportation 0, 12 is known to pro- 
vide important tools for quantum communication and 
information processing. The number-state teleportation 
may be performed by making a number-sum Bell mea- 
surement with certain Einstein-Podolsky-Rosen (EPR) 
resource 0,13 ■ Then, its method really appears to be use- 
ful for engineering the input states, irrespective of tele- 
portation fidelity. In fact, a quantum scissors for number- 
state truncation by projective measurement, which has 
been investigated thoroughly so far P, |H may be 
viewed as a teleportation-based number-state manipu- 
lation. The entanglement resource is prepared from vac- 
uum and one photon state through a 50:50 beam splitter, 
and the joint photon detection implements the number- 
sum Bell measurement. An experimental realization of 
quantum scissors has been done recently, generating a 
qubit of vacuum and one-photon state by truncating a 
coherent state 0- It is also interesting that an experi- 
mental result has been reported for the teleportation of 
the vacuum-one-photon qubit Q . 

The number-sum Bell measurement accordingly plays 
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an essential role for engineering the photon-number 
states via teleportation. Some feasible schemes have ap- 
peared recently for implementing particularly the joint 
measurement of number-sum and phase-difference with 
linear optics |S ED, El 111 

H^ . and an experimental 
demonstration has also been reported 0|. Then, var- 
ious number-state preparations and manipulations have 
been investigated based on teleportation with number- 
sum Bell measurements and relevant EPR resources 
[13 in III El- In these respects, there are growing 
interests in the number-sum Bell measurement and its 
application for the number-state manipulation. 

In this paper we analyze the linear optical realization 
of number-sum Bell measurement and number-state ma- 
nipulation by taking into account the realistic experimen- 
tal situation, specifically imperfectness of single-photon 
detector. The present scheme for number-state manip- 
ulation is based on the number-sum Bell measurement, 
which is implemented with linear optical elements, i.e., 
beam splitters, phase shifters and zero-one-photon detec- 
tors. As for the optical sources, many useful manipula- 
tions of number-states are realized with squeezed vacuum 
states and coherent states, which are widely used in op- 
tical experiments, while single-photon sources may not 
be required 0, 0, ll^ ITsIl . Beam splitters and phase 
shifters will be available with high accuracy. On the 
other hand, photon detectors are currently developed de- 
vices, which in practice have finite quantum efficiency 
and nonzero dark count rate. Hence, for feasible ex- 
periments it is desired to provide a systematic method 
to evaluate the efficiency of number-state manipulation 
with number-sum Bell measurement, by taking into ac- 
count the imperfectness of actual photon detectors. It is 
indeed encouraging that some significant developments 
and new proposals have been made for single-photon de- 
tection to achieve the quantum efficiency close to unity 
[Tsl ll^ . We believe that the present work promotes fu- 
ture experimental efforts on engineering photon-number 
states by number-sum Bell measurement. 
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This paper is organized as follows. In Sec. [HI we de- 
scribe the number-sum Bell states, particularly those as- 
sociated with phase-difference. In Sec. IIIII wc present a 
linear optical detector to measure a specific number-sum 
Bell state, and formulate it quantum theoretically with a 
probability operator measure (POM). Then, we estimate 
the sensitivity of these detectors in terms of the efficiency 
of practical single-photon detectors. In Sec. IIVI we in- 
vestigate the number-state manipulation via teleporta- 
tion by number-sum Bell measurement. We present the 
formulas to evaluate the fidelity for engineering various 
photon-number states. In Sec. by applying these 
formulas we analyze the efficiencies of some useful ma- 
nipulations and preparations in particular for qubits and 
qutrits. This analysis indicates that these experiments 
will be performed with good fidelities by utilizing cur- 
rently available apparatus. Scction lVll is devoted to sum- 
mary. 



II. NUMBER-SUM BELL STATES 

The measurement of number-sum Bell states plays the 
central role in the present scheme for number-state ma- 
nipulation. The number-sum Bell states are given gener- 
ally as 

TV 

|d(iV,m)) -^dfc(7V,m)|7V-fe)i|fc)2 (1) 

A;=0 

for m = 0, 1, . . . , iV, forming an orthonormal set, 
(d(A^',m')|d(iV,TO)) = dN'Nd{N,m')-d{N,m) 

~ SN'NSm'm- (2) 

The inner product of complex vectors is henceforth rep- 
resented by 

N 

u-v = ^w^Wfc. (3) 

fc=0 

The generic states in the two-mode Fock space 
{|ni)i|ri2)2} are expanded in terms of these Bell states 
as 

oo TV 

1^(2)) = $]^C,(iV)|iV-fc)i|fc)2 
TV=0 fe=0 
oo TV 

= E Ecd(^,"^)|d(iV,™)), (4) 



with 



TV=0 m=0 



where 



N 



Cd{N,m) = d{N,m) ■ c{N) = ^ ^fc(^' (5) 



fc=0 



S pec ifically, we consider the number-phase Bell states 



N 



6_(iV,™)) ^ E - k)i\k)2 (6) 



dkiN,m) 



= [(c^^+i)"T, 



(7) 



where the {N + l)-root to generate a Zat+i is given by 

tON+i = exp [t2Tr/{N + 1)] , (a;TV+i)'^+' = 1. (8) 
These Bell states in Eq. (jSJ are also expressed as 

m'— 

(9) 

in terms of the phase states given by Pcgg and Barnett 

El, 



TV 



n— 

The Bell measurement of number-sum and phase- 
difference is represented by the Hermitian operators. 



N+ = N1+N2, 



(11) 

(12) 



TV=0 



Here, Np {p = 1,2) represent the number operators of 

the respective modes, and ^p^'' the phase operators cor- 
responding to the phase states in Eq. (|l()|l . The projec- 
tion operator p(^) extracts the states in the subspace 
{|iV — fc)i|fc)2} with number-sum N. As seen clearly 
from Eqs. jnj and ©, the Bell states \(j)-{N,ni)) are 
the simultaneous eigenstates of number-sum and phase- 
difference: 

N+\^^iN,m)) =N\(t>_iN,m)), (13) 
$_|0_(iV,m)) = 0_(iV,m)|0_(iV,m)), (14) 

where the phase-difference eigenvalues are given by 

2tt 



(t>-{N,m) 



N + 1 



(15) 



Since [$$^^'' — $2^''] does not change the number-sum 
iV, it commutes with p(^) as required for the Hermitic- 
ity of the entire phase-difference operator These 
results clarify that in the subspace with number-sum 
N the phase-difference operator introduced by Luis and 
Sanchez-Soto indeed coincides with the difference of 
the phase operators of the individual modes given by 
Pegg and Barnett 0, while it is not separable in the 
entire two-mode Fock space. It is also obvious from Eqs. 
()13|l and (|14|) that N+ and $_ are commutablc: 



A:=0 



[iV+,$_] = 0. 



(16) 
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Therefore, the joint measurement of number-sum and 
phase-difference can be made in principle, where the two- 
mode number states are projected to the number-phase 
Beh states \(j)-{N,m)). 

The number-phase Beh states in Eq. Q may be g en- 
erahzcd by introducing a scaUng parameter r as 



N 



\cl,.{N,m,r))=DiN,r)Y,Aii^N+ir]''\N-k)^\kh, 

(17) 



where the normahzation factor is given by 

V7vTT(i -r2) 



D{N, r) 



I „ j.2{N+l) 



(18) 



A two- mode squeezed vacuum state |A) with squeezing 
parameter A < 1 may be used as a primary resource of 
entanglement, which is given by 



|A) = (l-A2)V2^A"|n)|n). 



(19) 



Tl = 



Then, these generalized number-phase Bell states are ac- 
tually generated from a pair of two-mode squeezed vac- 
uum states |A)i3 and |A')24 by making the number-phase 
Bell measurement: 

|A)i3|A')24 '^"'=^"^^ |</>(^,m,r)), (20) 

where the scaling parameter r is given by the ratio of the 
squeezing parameters. 



r = A'/A. 

Here, we have considered the relation 

|A)i3|A')24 = (1-A2)1/2(i_a'2)V2£ 



(21) 



A 



N 



^DiN,r) 



JV=0 



N 



X ^ |0_(iV,-m))34|0-(iV,™,r))i2(22) 

Tn=0 

from the swapping (1,3)(2,4) ^ (1,2)(3,4). 

III. PRACTICAL BELL STATE DETECTOR 

We utilize a linear optical detector, say Bell state 
detector, to measure conditionally a specific two-mode 
number-sum Bell state as given in Eq. (Q. Henceforth 
the Bell state to be detected is denoted simply by 

|d) ^|d(7V,m)) (23) 

with the number-sum N and amplitude coefhcients 

dk = dkiN,m). (24) 

As shown schematically in Fig. it is constructed as an 
7\/-port system consisting of (i) a set of beam splitters 



N 



.A- 



M-N 

A 



1 



1 



detector 
= 
>2 



J 



V k V k • • • 



|0) |0)ancillas 



Bell state 



FIG. 1: A schematic diagram of the linear optical Bell state 
detector. The input two-mode state, which may contain the 
number-sum Bell state |d) = |ci(A'', m)) with number-sum A'^, 
enters the detector together with the vacuum states of (Af — 2) 
ancilla modes. A unitary transformation is made through 
a set of beam splitters and phase shifters, and the output state 
is detected to give conditionally the specific photon count 
i(A/) = (1) ■ • ■ 1 li 0, • ■ ■ , 0) as the signal of |d). The photon 
detectors need to resolve zero, one or more photons, since 
two or more photons may enter some of the detectors for the 
case of iV > 2. 



and phase shifters, (ii) (M — 2) auxiliary input modes 
(ancillas) with vacuum states, and (iii) zero-onc-resolving 
photon detectors for the output modes, though imperfect 
practicall y. T his method is based on the idea of photon 
chopping [13. The Bell state detectors of \(j)-{N ,rh)) for 
TV = 1 and 2 are considered in Refs. [Tfil ITll|. and then 
a method for general N is presented in Refs. [l^ [l3l| . 
The photon detectors need to resolve zero, one or more 
photons, since two or more photons may enter some of 
the detectors for the case of iV > 2. 

The operation of the set of beam splitters and phase 
shifters is given by a unitary transformation between the 
input modes Oi and the output modes bj (in Heisenberg 
picture) [20| : 



(25) 



where i,j ~ 1,2,..., M, and is an M x M unitary ma- 
trix. The two-mode input state \'ijj[2)) ^-nd vacuum state 
|0)a of (M — 2) ancillas are transformed to certain out- 
put state through the optical set (in Schrodinger picture), 
which may be expanded in terms of the number-states of 
the output M modes. 



\ni)i\n2)2 ■ ■ ■ |?U/)m 



(26) 
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with number distribution 

n(M) = ("-i,"-2, ■ 



(27) 



The parameters of the optical set are chosen so that this 
unitary transformation is given as 



z^dlV^(2))|o)a = ga(d|v^(2))|n^];J)) 



\^±n1l^)), (28) 



where |^'_Ln™J^) is a certain state orthogonal to |n™*p. 
That is, only if the input state \tp{2)) contains the Bell 
state |d) to be detected, the output state has the com- 
ponent of the specific number distribution. 



n 



N M-N 

(C?^,o~^- 



(29) 



Then, by using the ideal zero-onc-resolving photon detec- 
tors, the Bell state |d) is detected conditionally in \'4'(2)), 
when the photon counting result of n"'', is obtained with 
success probability 



4''^'[k'(2))] = l.9dl'l(d|V^(2))P. (30) 

Practically, we use imperfect zero-onc-resolving photon 
detectors described by the POM's n(0) and n(l). The 
POM of photon detector for the N photon count is given 
with quantum efficiency rj and mean dark count v by 



N 



n{N) = J2 



{N -m)\ 



oo 



|n)(n|, (31) 



where „Cm is the binomial coefficient |2 Ij . 

The two-mode input state /0(2) combined with the 
ancilla-modc pa is transformed by the optical set as 



P(2) <8) Pa ^ ^dP(2) "8) PML 



where 



M 

(0|^ ® (|0)(0|),. 

i=3 



(32) 



(33) 



Then, the probability to obtain the photon count of Eq. 
(|29|l for the two-mode p(2) is given by 

^ Tr[rap(2)]. (34) 
The POM of this Bell state detector is given by 

ra = a(o|z^^npDZ^<ilo>a (35) 

with the POM of the photon detector set 



N M 

HpD = ® n(i), ® n(o)i. (36) 



It may be expressed as 

oo N N 

= E E E Ki'kimN,k')){{N,k)\ 

N=0 k=0 k'=0 

in terms of the basis states of number-sum N 



\iN,k)) = \N-k),\k), 



(37) 



(38) 



ith 



Kt,k{N)SM'N = {iN\k')\T^\iN,k)). (39) 



Here, it should be remarked that the matrix elements 
of between the states with different values of number- 
sum arc zero, since and IIpD conserve the total photon 
number. 

Specifically, for the basis state |(iV, fc)) we obtain the 
output state as 

Z^^|(7V,fc))|0)a= E Bt[n^M)]\n^M))- (40) 

Here, the sum is taken over the distributions t^(m) with 
number-sum TV, since the unitary transformation Z^/^ con- 
serves the total photon number 



M 



A^s[n(M)] = E^ 



N. 



(41) 



i=i 



The basis states with number-sum N are given by 



|(7V,fc)) = 



1 



{a\r->^{alr\0),\Oh. (42) 



^{N-ky.v¥. 

By using Eq. (|25|l we obtain 



(4)^-^4)' = E<[jw]|/L 



J(N) 



where j(jv) 



(ji,i2, • ■ -Jn), 1 < ji < M, and 



d2jN-fc + l 



(43) 



(44) 



Then, we calculate the coefficients for the output state 
|n(M)) in Eq. igOI) as 



Sfe[n(M)] 



(A/) 



, ^ y W^lvN)], (45) 

J(N-k)lVk^.. ^ k^J{^)l, \ I 



where n(A/)! = ni\n2\ ■ ■ ■ um^-, and the sum is taken 
over all the sets of indices jj^r) that provide the photon- 
number distribution n(^). 

Given the the coefficients i?^[n(j\/)] in Eq. 1^^ . we 
obtain the matrix elements of Bell measurement POM 
in Eq. (EH) as 

Ktk{N)= E sf*[n(M)]S^[n(A/)]PpD[|n(M))]. 



(46) 
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Here, we have considered the relation from the photon- 
number conserving nature of Tlpui 

(n(M)|npD|n(M)> = '5„j^^^„(^,,,PpD[|n(M)>]. (47) 

The probabiUty that the state |n(M)) results in the pho- 
ton count n™Jj is given by 

^'pD[|n(A/))] = (n(M)|npD|n(A/)) 



N 



M 



Y[PijM n PojM, (48) 

i=N+l 



1=1 



where 

Po^(n) = (n|n(0)|n) = e-^Sr] 



n-lr 



P^^(n) = (n|n(l)|n) = e'" dr]"' ' [n{l ~ 6r]) + lySr]] 

(50) 



with 



Srj — 1 — 77. 



(51) 



The output state |n^]jj^), in particular, to indicate the 
desired Bell state |d) is faithfully counted as n^]J^^ with 
probability 



PpD[|n™* 



(M)/ 



N 



(52) 



(Henceforth we assume for simplicity that all the photon 
detectors have the common 77 and z/.) The probability 
for the generic output state |n(M)) to give the expected 
photon count n™*^ is also evaluated as 



-PpD[|n(A/)) 



'Ml' Ja.b) 
/ . ^PD 



(a.b) 



with certain coefficients r 



tors (1 — Srj) 



{a,b)r 
PD I 



1(M)J 



(53) 

where the extra fac- 



N-b 



c from Pi^(n,) {1 < i < N). The 
non-negative powers a and b in the expansion of Eq. I|53() 
represent the discounts and overcounts of photons, re- 
spectively, which satisfy the relation 



(54) 



in the range of max[0, — iV] < a < and max[0, N — 
N]<b<N. For iV < TV the deficit of photons should be 
supplied by the dark counts, while for iV > TV the excess 
of photons should be discarded with < 1. By consider- 
ing Eq. (|5Hl . the leading dependence of PpD[|n(j\/))] on 
Sj] < 1 and ;y < 1 is found for the output states other 



than In' 



{M}, 



as 



It may be reasonably assumed for feasible photon detec- 
tors that the dark count i> is considerably smaller than 
the inefficiency Srj, e.g., i/ ^ 10^^ and Sr] ^ 0.1, as will 
be explained in Sec. Then, the leading error ^ Sr] of 
the Bell state detector is provided by the states |n(j\/)) 
with the total photon number = + 1 . 

When the desired Bell state |d) is measured by this 
Bell state detector, the probability to obtain the expected 
photon count n™}^ is given with Eqs. ((SSI, (EH) and 
as 

Pa[|d)] = Tr[r^|d)(d|] 



J2 PpD[|n(M))] B<^[n(M)]-d 



JVE[n(M)]=JV 



(56) 



In this practical Bell measurement, the other states or- 
thogonal to |d) may be miscounted as |d) with nonzero 
probabilities. Only if wc can use the ideal Bell state de- 
tector, the Bell state is measured faithfully as 

(57) 



4d-'[|d(Af,H)]-^d[|d)]^Ar^<5„ 



That is, the desired Bell state |d) is measured with the 
success probability P^[|d)], while the other orthogonal 
states are not detected. By considering Eq. (|28|l with 



Pp'^^'^'iln^JJ^P] = 1, the success probability in the ideal 
case is evaluated as 



= l.9dl 



(58) 



On the other hand, from the completeness of number- 
state Fock space the sum of the probabilities for the or- 
thonormal basis states |d(A^, m)) = |dj^) other than |d) 
to be miscounted as |d) is given by 



^ Tr[ra[|d^)(d^|] = Tv[T^] Tr[r5[|d)(d|], 

|d-L> 



where 



1 = |d)(dH-^|d^)(d^|, 



(59) 



(60) 



(61) 



Then, the confidence of this practical Bell state detector 
may be defined by 



Tr[r^|d)(d|] 



< 1. 



(62) 



In particular, = 1 only for the Bell state detector with 
ideal optical devices. We evaluate the confidence in Eq. 
(|n2Jl with Eqs. and l|nU for the practical Bell state 
detector as 



,N-N 



PpD[|n(M)) ^ |n; 



(Af)/ 



(N < N) 
Srjv [N = N) 
^77^-^ (A^>iV) 



(55) 



1 



-1- E 

(a,6)#(0,0) 



(a.b) 



(577 



(63) 
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in the expansion with respect to Srj and v. 



IV. NUMBER-STATE MANIPULATION 

We now investigate the number-state manipulation via 
teleportation with number-sum BeU measurement. The 
input state (normaUzed) may be prepared in K optical 
modes as 



l^in>=E<K,|nw)' 



(64) 



where 



|n(K)) = |ni)i|n2)2 ■ ■ ■ 1"^)^ = \ni) i\ni^K -i)) ■ (65) 

We here consider specifically a class of two-mode EPR 
resources (normalized) as 

oo oo oo 

|EPR) = ^£;,|Ook(0)-i ^ E E ^/'/IOo|0-i (66) 
/=o /=o ;'=o 

with the amplitude distribution matrix 



(67) 



The permutation of number-states between the two 
modes is given by 



(68) 



In particular, for the number-difference resource and 
the number-sum N resource, respectively. 



sil) 



I (number-difference 0) 

N — I (number-sum A^) 



(69) 



The input state is then manipulated by making a Bell 
measurement with an EPR resource. We here consider 
the one-mode manipulation with the measurement of |d). 
The multimode manipulation may further be performed 
by applying these sorts of one-mode manipulations to 
some modes of the input state. 

The Bell measurement is made on the 0-1 mode of the 
combined state (rii = k, I = N — k) 

oo N 

i^in)iEPR> = J2 EE<K-.,^^-'^i(^'fc)) 

n(K-l) N=0 k=0 

X \siN-k))^,\iHK-i)). (70) 
Then, we obtain the output state as 

Pout = Tr[r^pin (g) pepr] 

= E -PpD[|n(M))]|V'out[n(A/)])(V'out[n(M)]| 



(71) 



for Pin = |i/'in)(^/'in| and pEPR = |EPR)(EPR|, where 
\s{N - fc))_i|n(if_i)) = |n(K)) by redenoting 



|s(iV-fc))_i = 



(72) 



(The output state pout will be properly normalized later 
in defining the fidelity.) The output states associated 
with |n(jv/-)), which may not be orthogonal each other, 
are given by 

|^out[n(M)]) = E C [n(M)]|n(/f)) (73) 



with the amplitudes 



N-k^k [n(M)JCfe„(^,_i) 



iV=Ari;[n(„)] 
ni=s{N~k) 



(74) 

where k is specified by ni = s{N — k) in terms of ni 
and N. It is straightforward to extend these formulas 
generally for the mixed states of pin and pepr with the 
output states as |V'out[n(A/)])('0out[n(M)]| ^ Pout[n(A^)]. 

This teleportation-based manipulation may be viewed 
as a linear transformation of the input state: 



Pout — '^E/'iii^ 



t 

dE 



E -PPD[|n(A/))] (^dE[n(M)]PinT?^[n(A/)] 



The amplitudes are accordingly transformed as 
c-*[n(M)] = T'^^[n(M)]c"^ 



(75) 



(76) 



or 



N 



i",[n(M)] = E<^^["(M)]<K-t,- (77) 



fc=0 



As seen from Eq. I|74() . the transformation matrix 
T'*^[n(A/)] is composed of that given by the Bell state 

detector, B'*[n(A/)], the reversal (0, . . . , N, . . . ,0) 

with N = iVs[n(A/)], Rjv, and the EPR resource, E: 



where 



with 



T'^^[n(A//)] — ERArB'^[n(jv/)], 
iB^[n^M)])kk' = Skk'Bt[n^M)nN - k) 



e{N - k) 



1 (0 < /c < iV) 
{k>N) 



(78) 
(79) 

(80) 



We may further consider multiple of manipulations of 
this sort as 



(81) 
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The desired manipulation of input state with the EPR 
resource is obtained by using the ideal Bell state detector 
of Id) as 



/.dEi 



where 



with 



AT 



out r cnt 1 



E^dE r cnt l in 



(A/)J''fcn(jf„i) • 



(82) 



(83) 



(84) 



k=Q 



Here, only the number-state In^J})) is detected faithfully 
as the photon count n^](}-) in the output M ports. The 
fidelity is used to evaluate the quality of manipulation 
with the practical experimental setup, which is given by 



Tr[po,t]Tr[|V'i^,)(V^„^, 



< 1, 



(85) 



where the denominator of the right side provides the nor- 
malization factors of pout and |'0oiS)('0oiSl- The relevant 
quantities are calculated by 



Tr[po 



PpD[|n(M)) 



X c-*[n(M)]-c-*[n(M)], 
Tr[PoutKd^t>(^o^u^tl] = E^PD[|n(M))] 



1(A/) 



(86) 
(87) 



.(88) 



A. Bell state detectors 

In the number-state manipulations based on teleporta- 
tion, the number-phase Bell states \(j>-{N, m)) in Eq. © 
may specifically be measured by the Bell state detectors 
[lOl [ill [12 . . In order to show the efficiency of prac- 
tical Bell measurement with linear optics in the present 
scheme, we evaluate the confidence typically for the de- 
tection of |d) = |0_(A^,O)) with number-sum = 1,2 
and phase-difference m = 0. The number-phase Bell 
states with nonzero phase-difference m are also measured 
similarly by making a phase shift 02 Lo"j^^^a2 of the 
mode 2 in Eq. © before the two-mode states enter the 
Bell state detector. The Bell state detectors for number- 
sum iV = 1, 2 are useful for manipulations of qubits and 
qutrits, as seen later. 

The Bell state detector of |(?!)_(1,0)) with TV = 1 is 
characterized by the amplitude distribution and the uni- 
tary transformation of optical modes which are given, 
respectively, by 



U. = 




1,0)), 



(90) 
(91) 



where no ancilla is used (M = 2). As is well-known, 
this unitary transformation is realized with a 50:50 
beam splitter. The confidence of this Bell state detector 
is calculated in the leading orders of the expansion with 
respect to Srj and v as 



AC. = 1 - C. 





1 3 

2 -3 

3 1 

4 



Here, Tr[pout] is the probability to obtain the expected 
photon count n^]Jj-j by performing the conditional mea- 
surement with this Bell state detector. The fidelity of 
manipulation is then evaluated by considering the sensi- 
tivity of photon detector as 



F\ 



= 1- E f^^^'^ii^outm"'^''- (89) 

(a,fc)#(0,0) 



V. ANALYSIS OF EFFICIENCIES 

We can analyze the efficiencies of practical Bell state 
detectors and number-state manipulations by applying 
the formulas presented so far. 



where the coefficients g^"'*'-' are presented in this list. The 

Bell state detector of 
ized by 



-(2, 0)) with iV = 2 is character- 




|0_(7V = 2,O)), 



1 







-1- L 

n l±i l±i 
" V6 ^/3 





4V5 4 
\/3 

2V2 2V2 



(92) 



(93) 



where one ancilla is used (Af = 3) ^EM- The confi- 
dence of this Bell state detector is calculated in the lead- 
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FIG. 2; The confidence of the detector to measure the 
number-phase Bell state \(I}-{N — 1,0)) is shown depending 
on T] with v = 0,0.05,0.1. 




FIG. 3: The confidence of the detector to measure the 
number-phase Bell state |(^^(7V — 2,0)) is shown depending 
on 7? with u = 0,0.05,0.1. 



ing orders as 





^i-Ca[|0-(iv 


= 2,0))]: 


a 




(a,l) r a 

g~ V077 







7/3 


1 


28/9 


-304/27 


2 


-1075/324 


15803/972 


3 


1883/1458 - 


-23147/2916 


4 


-2029/26244 - 


19991/39366 



Numerical estimates of the confidece are shown in Figs. 
121 and O for = 1 and N ~ 2, respectively, depending on 
1] with v = 0,0.05,0.1. Here, it is seen apparently that 
the confidences of these Bell state detectors are not so 
good unless the quantum efficiency of photon detectors is 
rather high as 77 > 0.9 with the small enough dark count 
V. It should, however, be remarked that the confidence is 
defined in Eq. H62|) with Eq. H59|l to provide a general es- 
timate of Bell state detector, which is irrespective of the 



actual contents of the input two-mode states to be mea- 
sured. If the input state contains small components of 
the states |d_L) other than the desired Bell state |d), the 
actual probability to miscount these irrelevant compo- 
nents as |d) becomes small according to their portion in 
the input state. Furthermore, by the miscount of photon 
detectors even the input components of |dj^) may con- 
tribute to the fidelity to obtain the desired output state. 
Hence, the practical Bell measurement may provide high 
fidelities for some sorts of number-state manipulations 
via teleportation, as seen in the following. 

B. Manipulations and preparations 

We next examine some useful manipulations and 
preparations of number-states which are based on the 
teleportation technique H S S IHIll mill ; scissors, 
reversal, generalized number-phase Bell state and trun- 
cated maximally squeezed vacuum state. This analysis 
of efficiencies will indeed be relevant for feasible exper- 
imental realizations of these sorts of operations partic- 
ularly for qubits and qutrits. The success probabilities 
have been calculated by assuming the ideal Bell state de- 
tectors in Ref. [lll | , which provide approximate estimates 
even in the present scheme utilizing realistic photon de- 
tectors with reasonable efficiency. The precise evalua- 
tions of success probabilities can be made by applying 
the formulas presented in Sees. IIIII and Hvl for the prac- 
tical Bell state detectors. A detailed analysis may be 
reserved for a future study, while it is not the aim of the 
present work. 

The teleportation based manipulations are specified by 
the sets of input state, EPR resource and Bell measure- 
ment as 

5 [manipulation] = {\ipin), |EPR), |d)}. (94) 

Specifically, we take the number-phase Bell measurement 
of |d) = \(j}.{N,0)) (r = 1) with TV = = 1,2 and 
TO = 0. As for the EPR resources, we take the two-mode 
squeezed vacuum state | A) with squeezing parameter A < 
1, the generalized number-phase Bell state \(f>-{N,0,r)) 
and the truncated maximally squeezed vacuum state |A = 
1 , N) , which is given by 

|0)|0) + |l)|l) + ... + |A^)|Ar) 



The squeezed vacuum state is taken as the primary re- 
source of entanglement, and the other EPR resources can 
be prepared in the present scheme as 

|A)->|0_(iV,O,r))^|A = l,iV), 

which will be described below. 

The ingredients for the relevant manipulations and 
preparations are listed as follows. 

• Scissors: 



9 



n=0 Ti=0 



S [scissors] = { I CO , 1 0- 0)) , 1 0_ (TV, 0)) } . 
• Reversal: 



E[|(A_(iV = 2,0,r))] = Di2,r) 








^2 


• 


"\ 





r 





• 


1 








• 













• 




Vi 








■J 



N 



n=0 n=0 

^[reversal] = {IV'^.l^), |A = l,iV), |(/._(iV,0))}. 

• Generalized number-phase Bell state: 

|A) ^ \cf>^{N,0,r)), 

5[|</>„(iV,0,r))] ={|A),|A' = rA),|^_(7V,0))}. 

• Truncated maximally squeezed vacuum state: 

|</)_(iV,0,l/A))^|A=l,iV), 

5[|A = 1,7V)] = {|,/)_(7V,0,1/A), |A), |</)_(iV,0))}. 

The matrices representing the relevant EPR resources 
are given as follows. The squeezed vacuum state is rep- 
resented by 



E[|A)] = Vl-y 



/ 1 

A 

A2 

A3 

V; ; ; ; 



The truncated maximally squeezed vacuum states are 
represented for iV = 1 and 2, respectively, by 



Ef|A= l,iV= 1)] = 



E[|A=l,iV = 2)] - 





1 





•• 


■\ 









1 


•• 














•• 














•• 






V 








■ J 




/ 


1 










\ 







1 

































\ 



The generalized number-phase Bell states (m = 0) are 
represented for A'^ = 1 and 2, respectively, by 



E[|(/._(iV = l,0,r))] = D{l,r) 



/ r 
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1. Scissors and reversal 

In order to show the efficiency of number-state ma- 
nipulations with the practical Bell state detectors, we 
evaluate the fidelity of the scissors and reversal for qubit 
{N = 1) and qutrit [N = 2). A coherent state may be 
taken typically as the input. 



-i"r/2 



n=0 



with 



-l"l'/2(l,«,a^ 



Then, by using particularly the N ~ 2 scissors we can 
prepare a qutrit 

l^(qutritl)) = |0) + a|l) + {ayV2)\2), 

while we can rearrange this qutrit by the reversal as 

|V'(qutrit2)) = (aVV2)|0) + a|l> + |2), 

where the normalization factors are omitted. 

By applying the formulas presented in Sees. Illll and HVI 
the fidelity of the scissors is calculated straightforwardly, 
which is give in the leading orders for TV = 1 and 2, 
respectively, with |a| = \/3 for example as 

AFsc = 1 - ^^sc[^ = 1; \a\ = V3] : 

1/8 

1 9/16 1/8 

2 -27/64 7/128 

3 81/256 41/256 

4 -243/1024 85/2048 



Ai^^sc = 1 - Fsc[N = 2; |a| = ^/3] : 

7/17 

-4826/4913 
48021/78608 
1276203/2672672 
36559049/21381376 



a 



1 483/1156 

2 1431/4624 

3 -235683/314432 

4 1443321/2515456 



The fidelity of the reversal Frv is the same as that of the 
scissors i^sc in the present scheme (if the EPR resources 
are ideally prepared): 



-pRV = ^sc- 



(96) 
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1*H 0.5 - 




FIG. 4: The fidelity of the scissors and reversal Fsc = Fbv 
with A'' = 1 for the input coherent state with |aj = \/3 and 
|q| = 3 is shown depending on 77 with 1^ = 0, 0.1. 



0.5 





lal=3 






N=2 




:v=8.1 " 


1 


1 . , . 



0.6 



0.8 



FIG. 5: The fidelity of the scissors and reversal Fsc = ^rv 
with N = 2 for the input coherent state with |q| = y/S and 
\a\ = 3 is shown depending on 77 and 1^ = 0, 0.1. 



This is verified by the relation 

E^E [SC] = E^E [RV] 

for \(t>^{N,0)) [SC] and |A = 1,N) [RV] in ealculating 
the inner product of the output states with Eqs. H7t)|) 
and lf75|l . 



„out r / 1 „outr i 



(V'out[n(j,/)]||V'out [n(A/)]) 

= c-t B^t [n'(,,) ]R]^, Et ER^B-^ [njM) ]c'" . 

Numerical estimates of the fidelity of the scissors and 
reversal are shown in Figs. 01 and for = 1 and N = 2, 
respectively, depending on rj with v ~ 0,0.1. It is here 
noticed in Fig. [Slthat the fidelity is apparently increasing 
for 77 < 0.6 in the case of = 2 and |a| = 3. This would 
indicate that the approximation with the leading terms 
up to ^77^ is not good enough with Srj^ ~ 0.01 for Srj ~ 0.4 
in the ease of considerably large |a|. 



It is already shown that a high fidelity is achievable in 
the = 1 scissors for a small enough amplitude of the 
input coherent state, e.g., Fsc > 0.9 for 77 = 0.7 with 
|a| = 1, where the conventional photon detectors resolv- 
ing one or more photons may be used . In the present 
scheme including the cases of A^ > 2, we should use the 
single-photon detectors, which resolve zero, one or more 
photons, since two or more photons may enter some of the 
detectors. The best available single-photon detector pro- 
vides the quantum efficiency 77 w 0.7 — 0.9 |0]. Its dark 
count rate is roughly given as i?dark ~ 10*s~^. Then, the 
mean dark count is estimated a.s ly = TVes^^dark ~ 10~^ by 
assuming the detector resolution time Ti-qs = 10ns 0. It 
is encouraging for future experimental attempts that new 
proposals have been made for single-photon detection to 
achieve the quantum efficiency close to unity |l6j . 

In Figs. 0]and[Sl we present the estimates of fidelity 
by taking somewhat large amplitudes as \a\ = -y/S and 
|a| = 3 to emphasize the effect of imperfectness of single- 
photon detectors. A high fidelity can really be obtained 
for example as Fsc = Frv ^ 0.9 for |a| = y/3 with 
rj > 0.8 in the scissors and reversal of A^ = 1 and 2. If 
a smaller amplitude is taken as Ja] < 1, the fidelity be- 
comes higher, as seen in Ref. @. It should be noted 
here that the actual fidelities of scissors and reversal are 
slightly decreased by those for preparing the EPR re- 
sources \(j>-{N,0)) and |A = 1,N), which can be higher 
than 0.95 for 77 > 0.7 with the small enough squeezing 
parameters ~ 0.1, as estimated later. 

A spuriouly large = 0.1 is taken in Figs. 0] and HI so 
as to make the correction by the dark count visible. Ac- 
tually, the effect of the dark count is fairly small in these 
scissors and reversal of A^ = 1,2, since 
with l/^"'^-'] ^ 1 for the reasonable v ~ 10"^. It should, 
however, be remarked that the fidelity for preparing the 
EPR resource \(f>-{N,0)) is somewhat sensitive to the 
dark count v providing a correction ^ 0.005, as seen later. 

The net success probabilities for the scissors and re- 
versal are roughly given from the estimates in the case of 
ideal Bell state detectors uM as 



Psc{N) 



(A^ + l)^ 



A^^,Prv(A^) 



p{Nf 



v/2Ar 



where , A'^ ^ 1 for the squeezing parameters relevant 
for preparing the EPR resources. Henceforth p{N) rep- 
resents the success probability of the ideal measurement 
of |</>_(7V,0)), e.g., p{l) = 1 and p{2) = 1/2 for the Bell 
state detectors presented so far. (Note that p{2) = 3/8 
was given m error m Ref. jnl.) The success probabilities 
to prepare the EPR resources |0_(A^, 0)) and |A ~ l,N) 
are included in the above estimates for the scissors and 
reversal, respectively. It appears that Frv(A^) is rather 
suppressed, since an additional Bell measurement is made 
to prepare |A = 1, A^) from |A) and |0-(A^, 0, 1/A)). That 
is, |A = i,N) is generated from three squeezed vacuum 
states by making the Bell measurement twice. Numeri- 
cally, by taking typically A = A' = 1/4 we have Fsc(l) ~ 
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X=\IA 




:r=l 




:r=2 


1 


:r=8/3 

1 . i . 



1) for the input state and EPR resource as 



0.6 



0.8 



FIG. 6: The fideUty Fqb for the preparation oi N = 1 gen- 
eralized number-phase Bell state \4>~{N = 1,0, r)) is shown 
depending on r] with v = Q. Here, A = 1/4 is taken for the 
input state, and then A' = rX of the EPR resource is given 
with some typical values of r. 



0.5 





N=2 




'k=y4 




:r=l 




:r=2 


1 


:r=8/3 

1 . , . 



0.6 



0.8 



FIG. 7: The fidelity Fqb for the preparation of A'' = 2 gen- 
eralized number-phase Bell state \4}-{N = 2,0,r)) is shown 
depending on rj with i/ = 0. Here, A = 1/4 is taken for the 
input state, and then A' — rX of the EPR resource is given 
with some typical values of r. 



2 X 10-2, Psc(2) ~ 1 X 10-* and Prv(1) 
' 6 X 10-6. 



4 X 10" 



Prv(2) 



Generalized number-phase Bell states 



We next consider the preparation of two-mode en- 
tangled states. For the preparation of the generalized 
number-phase Bell state \cf>-{N,Q,r)), a squeezed vac- 
uum I A' = rX) is used as the EPR resource, and another 
squeezed vacuum |A) is taken as the input state, which 
is represented by the matrix 

c'" = E[|A)]. 

Then, by applying the formulas in Sees. IIIII and Hvl the 
fidelity is calculated for example with A = A' = 1/4 (r = 



AFgb = I - FgbW = l;r = 1, X 

32 

11/8 24 

2 -1/256 197/8 

3 1575/64 

4 1575/64 



A' = 1/4] 



GB 



= l-FGB[iV 



2;r = 1, A = 



A' = 1/4] 



56 

1 7/64 175/4 

2 -49/12286 17143/384 

3 343/7077888 19736731/442368 

4 842106125/18874368 



Numerical estimates of the fidelity are shown in Figs. 
El and [7| for = 1 and N = 2, respectively, depending 
on rj with v — for simplicity. Here, A = 1/4 is taken for 
the input state, and then A' = rX of the EPR resource 
is given with some typical values of r. A higher fidelity 
is obtained for a smaller r < 1, though it is not depicted 
in these figures. It is in fact checked that the coefficients 
j(a,o) g^jj^ j{a,i) fQj. a^pg calculated to be independent 
of the squeezing parameter A of the input state. That is, 
they are determined solely by the squeezing parameter 
A' of the EPR resource. This may be ascribed to the fact 
that the optical setup of the present Bell state detector 
with in Eqs. ^ and (ESJ and n™}) in Eq. ^ is 
asymmetric under the exchange of the input modes 1 and 
2, i.e.; in this case |A) ^ |A'). Then, by taking the small 
enough A' < 1/4 a fairly high fidelity Fqb > 0.95 can be 
achieved for 77 > 0.7 and 1/ ~ 10-^. As for the effect of the 
dark count, the fidelity Fqb for preparing |(/)_(A'^, 0, r)) 
appears somewhat sensitive to v. It provides a correction 
estimated as l/^^'^V ~ 0.005 with |/("d)| < 50 for the 
reasonable v ^ 1Q~'^. 

The success probability to prepare \(j)-{N,Q,r)) is es- 
timated roughly ^ 



PcBiN) 



r piN)X^^/{N + 1) (r2 » 1, r2 « 1) 
\ p(iV)A2^ (r « 1) 



where A = max[A, A']. Numerically, for example we have 
Pgb(1) 3 X 10-2 and Pgb(2) 1 x 10-^ with A' = 
1/4 > A. 



3. Truncated maximally squeezed vacuum states 

For generating the truncated maximally squeezed vac- 
uum states, 

|A = l,7V=l) = (|0)|0) + |l)|l))/x/2, 

|A = l,7V = 2) = (|0)|0) + |l)|l) + |2)|2))/^/3, 



12 



1*H 0.5 - 



--" 


- 








■.'k=W _ 




■.X=l/2 


1 


■.X=2/3, 

1 . i . 



0.6 



0.8 



FIG. 8: The fidelity Fmsv for the preparation of A'' = 1 trun- 
cated maximally squeezed vacuum state |A = 1,N — 1) is 
shown depending on ri with i/ = 0. Some typical values are 
taken for the relevant squeezing parameter A. 



1*H 0.5 
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FIG. 9: The fidelity Fmsv for the preparation of TV = 2 trun- 
cated maximally squeezed vacuum state |A = 1,7V — 2) is 
shown depending on rj with f = 0. Some typical values are 
taken for the relevant squeezing parameter A. 



the generalized Bell state |(/)_(iV, 0, r = 1/A)) and the 
squeezed vacuum state |A) are taken as the input state 
and EPR resource, respectively. The matrix representing 
the input state is given by 

c- = E[|,/)_(7V,0,r = l/A))]. 

Then, the fidelity is calculated for example with A = 1/4 

as 

Ai^^Msv = 1 - ^^MSv[A^ = 1; A = 1/4] : 



1 1/8 

2 -1/256 -1/8 

3 -7/64 

4 -225/2048. 





1 35/192 

2 -391/36864 

3 -77/786432 

4 8473/226492416 






-1351/4608 
-107425/442368 
^4611707/18874368 



Numerical estimates are shown in Figs. |H1 and El for 

iV — 1 and N = 2, respectively, depending on rj with v = 

for simplicity, where some typical values are taken for 
the relevant squeezing parameter A. The contributions 
of the dark count are actually negligible for i/ ~ 10~^, 
since f^'^'^^ — /'^'^■' — incidentally, as seen in the above 
lists. A fairly high fidelity Fmsv > 0.94 can really be 
achieved for t] > 0.7 with small enough A < 1/4. The 
input generalized Bell state \(j)-{N,0,r = 1/A)) may be 
prepared from a pair of squeezed vacuum states |A') and 

1 A") with r = A"/A' = 1/A. As seen so far, a high fidelity 
Fgb > 0.95 can be achieved for rj > 0.7 with A" < 1/4. 
Then, the actual net fidelity to prepare the truncated 
maximally squeezed vacuum state |A = l,iV = 1,2) can 
be as high as 0.9, e.g., for rj = 0.7 with A — 1/4, A' = 
(1/4)2 g^^^^ y ^ ;^/4^ 

It should be remarked here that the input state and 
EPR state may be exchanged in the preparation of |A = 
1, N). Then, the fidelity somewhat changes since the op- 
tical setup of Bell state detector is asymmetric under the 
exchange of the input modes 1 and 2, as explained before. 



In fact, we have Fmsv 

/,(2 



l_/(o.i)j, + _.. (j(o,i) _ 10-50) 

with IV-inO = |A) and |EPR) = |0_(A^,O,r = 1/A)) for 
both the cases of = 1,2. It is really checked numeri- 
cally that the corrections of the order of z^" are zero up to 
St]'^ independent of A. This case may be more favorable 
since the fidelity is rather insensitive to rj. Furthermore, 
a somewhat large A may be taken to increase the suc- 
cess probability. The effect of the dark count is small 
enough for i/ ~ 10~* with /^°'"'^' ~ 50. In any case, the 
fidelity for the preparation of \(j)-{N,0,r = 1/A)) should 
be considered. 

The net success probability to prepare |A = 1, N) from 
|0_(A, 0, r = 1/A)) and |A) is estimated roughly [ij as 



Pi 



MSV 



(A) 



P(A)2 

[N + iy 



:A 



/2N 



where A' = AA" with X^,X'^,X"^ < 1 
example Pmsv(1) 4 x 10"^ and Pmsv 
with A = 1/2, A' = 1/8 and A" = 1/4. 



Numerically, for 
(2) - 7 X 10-*^ 



AF, 



MSV 



1 - Ft 



MSV 



[A = 2; A = 1/4] : 



VI. SUMMARY 

In summary, we have analyzed the linear optical real- 
ization of number-sum Bell measurement and number- 
state manipulation by taking into account the realis- 
tic experimental situation, specifically imperfectness of 
single-photon detector. The present scheme for number- 
state manipulation is based on the number-sum Bell mea- 
surement, which is implemented with linear optical ele- 
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mcnts, i.e., beam splitters, phase shifters and zero-onc- 
photon detectors. Squeezed vacuum states and coherent 
states are used as optical sources, while single-photon 
sources may not be required. The linear optical Bell state 
detector has been formulated quantum theoretically with 
a probability operator measure. Then, the fidelity of ma- 
nipulation and preparation of number-states, particularly 
for qubits and qutrits. has been evaluated in terms of the 
quantum efficiency j] and dark count v of single-photon 
detector. It will be encouraging for future experimental 



attempts that a high fidelity is achievable for > 0.7 and 
1/ ^ 10^* with small enough squeezing parameters ~ 0.1 
and coherent state amplitudes ^ 1. 
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